THE INITIAL VALUE PROBLEM FOR NONLINEAR
WAVE EQUATIONS IN HILBERT SPACEC(")

BY
LUIZ ADAUTO MEDEIROS

1. Introduction. The primary purpose of this paper is to generalize Browder’s
results contained in [1], to the case of wave equations with time variable coefficients.
The origin of this problem may be presented as follows. In the applications of
mathematical methods to physics, one is often concerned with the study of non-
linear partial differential equations, for example, the Klein-Gordon equation

0 0%ufot® — Au+ p2u+n2ud = 0,

where p,  are constants and A is the Laplace operator.
K. Jorgens in Math. Z. 77 (1961), 295-308, has studied the Cauchy initial value
problem for equations of the form

) 02u/ot2 — Au+ F'(ju|?u = 0

which are generalizations of (1), where F is a numerical function with derivative F’.
Jorgens used concrete analytical methods in order to obtain his results.

Browder in [1], has given the proof of the solvability of the Cauchy initial value
problem for a class of operator differential equations in an abstract Hilbert space,
which contains the equation (2) as a particular case. Following is a summary of
Browder’s ideas contained in [1]. Given a Hilbert space H, let A be a selfadjoint
and positive semibounded operator with domain D(4), dense in H, and range in H
and M(u) be a nonnecessarily linear mapping from D(4*/2) into H satisfying certain
conditions (cf. [1, conditions I, II, III, IV]). Let us consider the vector functions
u: R — D(A4), where R is the field of real numbers, twice strongly continuously
differentiable in H and the operator differential equations:

3 d?uldt*+ Au+ M) = 0.

Browder has given the proof of the solvability of the Cauchy initial value problem
for the strict solutions of (3), when the initial data (x(0), «'(0)) is prescribed in
D(A4)x D(A'"?). He used the operational calculus for selfadjoint operators in
Hilbert spaces and the Picard method of successive approximations. An application
is given when 4 is a selfadjoint realization of an elliptic partial differential operator
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on the Hilbert space L%(R¥) and M(u)= F'(|u|?)u with convenic¢nt hypothesis on F,
and then he obtained Jorgens results.

The equations (3) are taken as the model for our study. The unique novelty, in
this step of our research, is the perturbation that shall be introduced in the co-
efficients of (3), i.e., we shall consider equations of the form

“4 d?uldt®+ A(t)u+ M(u) = 0,

where A(t) is a family of operators with domain and range in H and for technical
reasons, we shall assume M (u) is a map from D(A(0)'/2) into D(A(0)*/?). The method
used by Browder, cannot be adapted naturally to the case of equations (4). Instead,
by a convenient change of variable, the Cauchy problem for (4) shall be transformed
in a nonlinear first order system (cf. §5, (20) and (21)), and the latter system can be
considered as a nonlinear first order equation (cf. §5 (24) and (25)), in the Hilbert
space 5, which is the direct sum of H with H. To solve the nonlinear Cauchy
problem, we have used the Kato’s results, (cf. [6]) and the Picard-Banach fixed
point theorem.

In §5 we shall give an example of a family of partial differential operators,
realized on L%G), where G is a bounded open set in RY, which satisfies the abstract
hypothesis assumed on the coefficient A(¢) of the equation (4).

I take this opportunity, to express my appreciation to Professor Felix E. Browder,
who proposed this question to me, for his assistance and valuable suggestions
during the period of research on the problem.

To Professor Leopoldo Nachbin, I express my personal gratitude for his constant
assistance and encouragement, particularly when I was research assistant at the
Institute for Pure and Applied Mathematics (Rio de Janeiro, Brasil), during the
years 1959-1961.

I would also like to express my appreciation to Professor Frank J. Hahn, for his
many discussions with me on the subject, when I was at Yale University during the
years 1962-1964.

2. On the domain of the square root. We denote by H a Hilbert space with
inner product ( | ) and norm | |. Let {A(¢), =0} be a family of selfadjoint
operators of H, bounded below by a bounded continuous function k(#)>0, i.e.,
(A(t)u | u)Z k(t)(u | u) for all w in the domain of A4(¢), which shall be represented by
D(A()). If A=A(t,) is an operator in that family, then we consider the positive
square root of A4, represented by 4/2. As a consequence of the spectral decomposi-
tion, it follows that D(4) < D(A?).

In the following, we will construct D(4*?) from D(A) by a method used by
Friedrichs to obtain selfadjoint extensions for semibounded symmetric operators
(cf. Riesz-Sz. Nagy, Functional analysis, Ungar, New York, 1955, §124, p. 331). By
hypotheses, we have (4u | u)= k(u | u), and let us suppose that k= 1. If we define in
D(A) a new inner product by [u | v]=(Au | v), it follows that the norm induced in
D(A) by [ | ], is greater than the original norm of H, i.e., [u | u]=(4u | )= (u | u).
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Let us represent by [[ ]] the norm induced by [ | ]. D(A) equipped with [[ ]]
is a pre-Hilbert space. The completion of D(A4) with respect to [[ ]], can be
identified with a subspace H, of H, and we have D(4)< H,< H. We shall prove
in Proposition 1, that Hy= D(A4'/?). We say that a sequence {u,} < D(4) converges
to ueD(A4Y?) in the graph norm, if and only if |u,—u]|—0 and
| AY2u, — A*?u| — 0.

LeMMA 1. The domain of A is dense in the domain of A% with respect to the
graph norm.

Proof. In fact, let E(X), —o0o <A< +00, be the spectral family associated to A.
Since 4= 1, we have E(X)=0 for A< 1. For v € D(4'2), v, = E(n)v, for each positive
integer n belongs to D(A4) and lim v,=v, lim 4Y%p,= A2y with respect to the
norm of H.

PROPOSITION 1. The completion H, of D(A) is the domain of the square root A2,

Proof. If u € H,, there exists a sequence {u,}, u, € D(4), such that {u,} is a Cauchy
sequence in H, normed by [[ ]], and converges to u in the original metric of H. It
follows that {4/2u,} is a Cauchy sequence of H, and thus convergent. Hence it
follows that u € D(A4''?), since A2 is closed.

Let u be a vector of D(4'2?). By Lemma 1, there exists a sequence {u,} < D(4)
such that u, — u and 4*2u, — A2y in H. Thereby {u,} is a Cauchy sequence in the
metric given by [[ ]] and it follows that u € H,.

PROPOSITION 2. Let A;=A(t)), A,=A(t;) be two operators of the family
{A(t), t =0} such that D(A,) < D(A,). If there exists a constant ¢>0 such that
(Agu | wy= c(A,u | u) for all u in D(A,), then D(A}?) <= D(A%>).

Proof. In fact, let  be an element of D(A}'%). Then, there exists a sequence {u,}
contained in D(4,) such that u, — u and 4}2u, — A}?u. It follows that {u,} is a
Cauchy sequence with respect to the metric given by [[v]l.=(4.v | v), since
(4zv | V)= (440 | v). Hence, u, —u and A3?u, — w in H. Therefore u € D(A3?).

REMARK 1. The result contained in the Proposition 2, is a natural consequence
of the method used to construct the domain of the square root. In fact, if we define
[[#]],=(A4,u | u) and [[u]];=(A.u | u), we have by hypotheses [[u]],< c[[u]],, for all
uin D(A4,). Hence, it follows that there are at least as many Cauchy sequences with
respect to [[ ]]; as with respect to [[ ]];.

REMARK 2. Assuming the hypotheses of the Proposition 2, if D(4;) < D(A,) and
if there exists a constant ¢’ > 0 such that (4,u | ¥) < ¢'(4qu | u) for all u in D(A43/?), it
follows that D(A3/%) < D(A}'?).

REMARK 3. When D(A,)= D(A,) and there are constants ¢>0, ¢’ >0 such that

c'(Au|u) £ (Aau | u) £ c(A4,u | v
for all u in D(A4,)= D(A4,), then D(A}'?)= D(A%?).
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LEMMA 2. If A is an operator of the family {A(t), t =0}, its range is equal to the
space H.

Proof. The range of A is dense in H because A4 is selfadjoint. It is sufficient to
prove that, if u € H then u belongs to the range of 4. In fact, if u € H, there exists a
sequence {u,} contained in the range of 4 such that v, —u in H. Let v, € D(A)
be such that Av,=u,, n=1, 2, .... Hence it follows that

0< k”vn_vm"2 < (4v,— Aoy, I Up—Up) S "Avn_Avm" ’ "Un_vm"'

Whence, we have that {v,} is a Cauchy sequence in H, then convergent to a vector
v € D(A) and such that Av=u.

By hypotheses on the family {A(¢)}, we know that 0<k(¢)(u | u)<(A(t)u | u)
< | A(t)u] - |ul|, for all nonzero u in D(A(t)). Then, it follows that the inverse
A(t) 1 exists for each =0, and by Lemma 2, its domain is the space H. We need to
use the product A(t)-A(s)~! for ts#s. Such a product is always defined when
D(A()) is constant with respect to z. In order to avoid difficulties, we shall make the
following assumption on A(t).

ASSUMPTION 1. The domain D(A(t)) is constant for t =0 i.e.

D(A(t)) = D(A(s)) forallt,s = 0.

By Assumption I, it follows that the operators A(s)- A(¢) ! are well defined for
all s, =0 and are bounded, by the closed graph theorem.

AsSUMPTION II. The bounded operators A(t)- A(s)~?! are uniformly bounded and
satisfy Lipschitz conditions with respect to t, i.e., there exist positive constants M and
k, such that |A(t)A(s)™*|SM and |A()A(to)~*— A(s)A(to) | 2 k|t—s| for all
t, toand s.

REMARK 6. By Remark 3, we conclude that when D(A(t))= D(A(0))= D and if
there exist continuous positive real functions c(t), ¢’(¢) on the semiline =0 such
that

() AOu | u) < (A@)u | u) £ c(t)(AOu | u)
for all # in D, then D(A(t)''?)= D(A(0)*'?) for all ¢.

We will prove, in the next theorem, that the Assumptions I and II are sufficient
conditions for the independence of D(A(¢)''?) with respect to ¢>0.

THEOREM 1. If {A(t), t=0} is a family of operators satisfying the Assumptions 1
and 11, then D(A(t)'?) is independent of t for t=0.

Proof. In fact, the operators A(t)A(s)~*— A(0)A(s)~! are bounded.
Hence, it follows that for each u in D(A(t))= D, we have
| 4(#)u—AQO)u| = [[[A(t)A(s)~* — A0)A(s) ~*1[A(s)A0) ~*]A(O)u|
< [ A@)A(s) =1 — AO)A(s) 72| - [ A(s)AQ) | - | AO)u]|
< Mkt | A)u].
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Whence, it follows
[A@u| = | A()u—AQ)u| + | AO)u| = c()] A0

for all  in D, where c(t)= Mkt+1 is always positive for ¢>0. By Satz 3 of Heinz
[5], (also Kato [7, Theorem 2]), we have

4 1 4@ 2u| = k()| A0)'2u]

for all u € D, where k()= +c(t)*'2.
Since we also have

|A@®)u—AQ)u| = [[A@)A(s)~* — A0)A(s) ~*][A(s)A() *14()u],
we obtain by the same argument
©) |14 2ul = k(2)|| A()*ul.
By (5) and (6) we have
()| AQ)2ul® = [A(0)"*ul® = ()] A(0)*2u]?
for all in D. Whence it follows that D(A(¢)*'?) is independent of ¢ (cf. Remark 6).

3. Integral representation of 4. In this paragraph, we will prove an integral
representation for the fractional power A% O<a<1, of a positive selfadjoint
operator A. Let f(A)=A* be the positive real branch of the mapping A — A* of
R into R. By the spectral decomposition, we have

%) Ay = f X dEQ)u
for all u in D(49). °

Our next step will be to obtain, from (7), another integral representation of A%.
First of all, we observe that for >0 we know that (4 +ir)~?, i2= —1, exists, is
defined and bounded on H.

Let us prove that for 0 <« <1, the mapping

t—>t¥(A+it)" 1+ (Ad—it) u

of 0=t < -+ oo into H is integrable on 0= < oo for each u € D(4%) and we have

®) ey = 3 el f "t A i)+ (A—iT) Y dt,
In fact, we have
©) (A+it) " +(A—it)"Tu = J' )\2+12 dE(\u

for all uin H.
Suppose 0 < ¢, <1, < +00 and taking the product of both sides of (9) with ¢ and
integrating from ¢, to t,, we obtain

f: t{(A+it)" 1+ (A—it)" Du dt = J‘Ow U 218\

2 dt} dE(N)u.
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For all u in D(A4%), we obtain

(10) =

_cos (ma/2) (ta
™ ty

J“” A“(l—z cos (amf2) [t s“ds)dE(/\)u

0 ” i 1+8?

_ J“" (1_2 cos (am/2) [t s%ds )2 X2 d(EQ)u | u).

0 ™ i 1482

A%u

1A + i)~ + (A—it) " u dt“

2

Observe that A2 is integrable with respect to the measure o(X)=(E(A)u | u), because
u € D(A%) by hypotheses. Furthermore, we have

fw stds _ il O<ax<l
o 1+s2  2cos (an/2) )

Making ¢, — 0 and ¢, — co in (10), we obtain the representation (8).
If we decompose the integral (8) in two pieces and change the variables in the
second integral, we obtain

4+
(1) Ay = E‘MJ‘ |¢|(A+if)~u dt

for all # in D(A%).
When we have a family of selfadjoint operators as in §2, then by (11) we have

12) Ay = 22C72) f XA + X~ dx

for all  in D(A(t)) and O<ea<1.

4. Differentiability of square root. In this section, we will use the representation
(12) in order to study the differentiability of A(¢)'/2 in the sense of the next
definition.

DEFINITION 1. Let {A(?), t real}, be a family of operators with constant domain
D= D(A(t)) and range in a Banach space B. We say that A(t) is strongly continuously
differentiable with respect to t, when for all u in D, the vector v(t)=A(t)u is con-
tinuously differentiable with respect to the norm of B, that is,

(13) lim ~ (1—10) 7} (v(t) — v(t0))

ttgit#t,

exists in the sense of the norm of B and is continuous for all u in D and all t,.
When A(¢) is differentiable, the limit (13) is called the derivative of 4(¢) and is
represented by

dA(t) dA(t) p
_dt t=t°a _dt or A (t).

Suppose now that {A(¢), t=0}, is a family of operators in a Hilbert space H, as in
§2 and satisfying the Assumptions (I), (II). In the following, we will prove that if
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A(t) is strongly continuously differentiable and the commutator C(¢) of A(¢) and
A'(t) satisfies the conditions y,, y, below, then it follows that A(¢)*2 is differ-
entiable in the same sense.

By hypotheses

lim (1~ 16) =} (A(D)ew ~ A(to)e)

exist for all w in D=D(A(t)). If ue H, w,(x)=(A(t,)+ix)"'u belongs to D.
Hence, it follows

lim (1= 1) "X(4() ~ AU A(to) + i)

exists for all # in H and all real x. Since the bounded operators (4(¢)+ix)~* are
continuous in ¢, it follows that the following limit exists:

(14) lim (2~ 16) 7 [(A(#) +ix) 7 [A(8) = A(0) [(A(t0) = ix) ~*]u.

It follows that
tlirtn (t—10) " M(A(t) —ix) ™1 — (A(to) —ix) " Ju
dd)

exists for all # in H, because
(A@)+ix) = (A(to) +ix) = —(A@)+ix) " [A@)— A(tx))(A(2o) +ix) 1.

Hence, if A(?) is strongly continuously differentiable, it follows that (4(2)+ix) ! is
differentiable in the same sense and by (14) we have

dA(t)

%(A(t)-}-ix)“l = (4(r)+ )1 220

A@)+ix)~t.
Assuming certain hypotheses on the commutator C(t) of A(¢) and A'(¢), we shall
prove the convergence of the integral

f ® xU2(A(t)+ix) 1A' (1)(A() +ix) " u dx

for all u in D(A(¢)'?).
Let A= A(t,) be a fixed operator of the family {4(¢), t20}. Since D(42) < D(A),
we have, for all u € D(42?), k|u|| = (4Au | u)< | Au| and

(APu | u) = (Au | Au) = | Au|® 2 k*(u | u)

where k =k(t,), which proves that 42 is bounded below, with lower bound k2.

By the same method used in §2, to construct D(4*2) from D(A), we can construct
D(A) from D(A?). Furthermore, we know when D(A(t)?)=constant implies
D(A(t))=constant. Consequently, let A(¢)?, A(t), A(¢)'* have constant domains
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and let A(¢z) be strongly continuously differentiable. Let us suppose that the
commutator C(¢) of A(¢) and A’'(¢) satisfies the following conditions:

(y1) D(A(1)*) = D(C(2))
(ys) There exists y, 0=y<1 and a bounded positive continuous function c(t),
t=0, such that
[Cul < oAl [l + Jul}

for all u in D(A()?).

We shall prove that with the hypotheses (y;) and (y;) on the commutator C(t),
the integral

f XA+ %)~ A () (A + %) dx
0
is convergent for all u in D(A(¢)*'?) or equivalently
1= f " XVB(A(E) + i)~ LA (1) (A(F) + ix) - L A() - M2u dx
0

is convergent for all # in H.
In order to make the calculations easier, we shall write 4= A(t), A'=A'(t) and
A(t)~Y2=4-"2, Hence, we have A4'—A'A=C or

(A+ix)A'—A'(A+ix) = C.
Multiplying on both sides by (4 +ix)~ ! we obtain
AA+ix)" 1 —(A+ix) 4" = (A+ix) 1 C(A+ix)~?

or
(A+ix) 14" = A(A+ix)"*—(A+ix)"1C(d+ix) L.

Substituting the last expression in the integral I, we obtain:
I= f XY2A'(A +ix)~2 A~ Y2 — xM2(A + ix) "2 C(A+ix) 24~ 12 dx.
0

We have

I = f xM2A'(A+ix)"24" Y2 dx
)

— A f X2 ( f (et ix) -2~ 12 dE(p,)) dx
0 u2uo>0

ca [T (7 g o dGa)

uzZpo>0
We know that

f xY2(u+ix)"2dx = f w2t 2u =21+ in)pu dn = hu=2
0 0

after the substitution, where A is the value of the integral in 7.
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Hence it follows
I = k4’ ptdE() = kA'A™?

L. uzp>o0
which is bounded.

Let I, be the integral
I, = f xXM2(A+ix)"1C(A+ix) 24~ Y2y dx.
0

To prove the convergence of I,, we have by y,, y5:
| x*2(A +ix)"1C(A +ix) =24~ Y2u|
< xV2|(A4+ix) " - | C(A4+ix) 24 1|
< kx| (A+ix) {424+ ix)"2A4 " 2u|7- | (4 +ix)"2A 2|t -
+ (4 +ix) =24~ 12u]}.
Note that & is the continuous function c¢(z) of the hypotheses .
For large values of x, we have
[(4+ix)~ £ x~ (A +ix)" 2412 £ Kx~5/2
| A%(A4+ix) =24~ 2u|| < Kx~2|u]|.
Finally we have
| x12(A +ix) ~1C(A +ix) 24~ Yu)|
< kxt2x- YK Vx 12| 7K~ 7x - 5@ =02y |1 -7 4 Kx 52|y}
= {Kyx5*"+ K1 x "2} |u].
Hence it follows that the integral I, is convergent, because 0<y < 1.

Whence, it follows that with the hypotheses (y;), (yz) on the commutator, the
integral

+o
(n2112) -1 f xl’Z%(A(t)+ix)'1u dx

converges and it is equal to the derivative of the integral, i.e., the vector v(¢)
= A(t)?u is strongly continuously differentiable for all u in D(A(¢)'/2).

ReMARK. The above proof is an adaptation for the present purpose of an argu-
ment given by F. Browder, Commutators with powers of an unbounded operator in
Hilbert space, Proc. Amer. Math. Soc. 16 (1965), 1211-1213.

5. Cauchy problem for wave equations. Let {A(?), =0} be a family of operators
as in §2. Hence by Theorem 1, §2, it follows that D(A(z)*/?) is also independent of z.
Let us represent by C%(R, H), the set of vector functions u=u(t) from R into H,
which are twice strongly continuously differentiable with respect to ¢. Let M(u) be a
function, not necessarily linear from D(A(0)''?) into D(A(0)*/2) satisfying the
conditions (I), (IT), (IIT), (IV) of Browder [1]. Let us suppose D(A4(0)/?) equipped
with the norm || |, defined by |u||,,,= [ 4(0)*u|.
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DEFINITION 1. We call nonlinear wave equations in H, with time variable coeffici-
ents, all the equations of the form

(15) d?uldt*+ A(t)u+M(u) = 0

with u € C*(R, H), A(t) and M(u) as above.
We will consider the Cauchy problem

(16) d2uldt? + A(t)u+ M) = 0,
an u0) =9, 40 =4,

for t=0, ¢ € D(A(0)) and ¢ € D(A(0)*?).

DEFINITION 2. A function u in CX(R, H), is said to be a strict solution of the
Cauchy problem (16) and (17), when u(t) € D(A(0)), =0, du/dt e D(A(0)*2),
A@u(t), d2uldt?, A(2)Y?u(t), A(t)'%(du/dt) are uniformly continuous on every
interval [0, T], T>O0, and the system (16) and (17) is satisfied.

To prove the existence and uniqueness of strict solutions for (16) and (17), we
need the following condition about A(f)/2.

ASSUMPTION III. The operator A(t)'? is strongly continuously differentiable for
all t20 and (dA(t)*?/dt)A(t)~'2 is bounded by a bounded positive continuous
Sunction.

Now, we are in conditions to prove the main results in this paragraph, that is,
the Theorems 1 and 2 below. The first one gives the existence of strict solutions and
the second gives bounds for these solutions and their continuous dependence on the
initial values.

THEOREM 1. Let {A(t), t=0} be a family of operators in a Hilbert space H,
satisfying the Assumptions 1, 11 in §2, 111 in §4, and M(u) the mapping fixed before.
Then, the system (16) and (17) has a strict solution u=u(t),t=0, provided
¢ € D(A(0)), ¥ € D(A(0)*'?) and

(18) lelm+14(* < €

where C is a positive constant.

THEOREM 2. Under the hypotheses of Theorem 1, for each T>0, if u,u, are
solutions of (16) and (17) corresponding to the initial data o, ¥, @,, ¢, satisfying the
condition (18), we have

| A() 2u(t) — A@2)2uy() ]2+ [0/ () =1 (D)]|* £ (T, COX|lp—@ulde+ ¥ —41]%
foralltin[0,T].

THEOREM 3. If we assume the hypotheses of Theorem | and hypotheses (a) and (b)
of Lemma 4 and

(19) 14@)¢|2+ oo+ 417 < CHAO)PL|*+ e[+ [4]* < €
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we have
o' () —ui () |2+ | A()} 2’ (1) — A 2us (1) |2
S k(T, C|lp— 1%+ [ A0)p — AO)p. [+ [ — 41 [ %}
for each pair of solutions u, u, of (16) and (17) corresponding to [, ¥, [y, 1]

COROLLARY. The solution of the system (16) and (17) with conditions (19), is
uniquely determined by the initial data o, .

The proofs of the Theorems 1, 2 and 3, follow from the lemmas below. First of
all, we shall do a change of variable in order to transform the system (16) and (17)
in an equivalent first order system in a convenient Hilbert space 5.

If we take v=du/dt in (16) and (17), we obtain
(20) duldt = v, dvjdt = — A(t)u— M(u),

1) u@0 =9,  v(0) =4

If we take x=A(¢)*2u, y=v in (16) and (17) and use the Assumption III, we

obtain

@2) asfa = A9 o)k ayy,
dyldt = — A(t)"2x— M(A(t)~2x);
@3) x(0) = A(0)"%p,  y(0) = 4.

Let us consider the Hilbert space ¥ =H @ H, direct sum of H plus H and we
shall represent its elements by column vectors () instead of pairs (x, y) as is usually

done. We have
x\|(z x
= +
(GG = wra+eim|()
for the inner product and norm in 5%,
Hence, it follows that the Cauchy problem (16) and (17) in H, is equivalent to the

following Cauchy problem in J#:

2
= IxI*+1x0?

(24) awldt = C(t)w+f(t, w),
25) w(0) = D,
where
X
()
B 0 A(t)1/2 , 3 A0 1/2q,
0= (_pe "o ) o= ("%7)
dA(t)*? -1
B(t) = ( T A(t)-12 0),
0 0

800 = (| proay-ag) 4 S = BOw+g00)
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REMARK 1. The operator B(z) is bounded by Assumption III. If C>0 is the
constant in the condition (18), then |®|2<C. Furthermore, we observe that
0 € D(C(0)), D(C(t)) is independent of ¢ and dense in 5£ The adjoint of C(¢) is
— C(t), which is the transpose of C(z).

Kato in [6] has studied the Cauchy problem (24) and (25) in the linear case, that
is to say, when f(¢, w) is a function f(¢) from R into a Banach space %, strongly
continuous in ¢ on an interval [a, b]. He proves the existence and uniqueness for the
strict solutions, i.e., the existence of a w=w(¢) which is strongly, continuously
differentiable, where C(#)w(z) is strongly continuous and w=w(t) satisfies the
system w'(t)=C(t)w(t)+f(t), w(0)=w,. We shall use Kato’s results, when we
apply the Picard-Banach fixed point theorem to the system (24) and (25), in a
convenient metric space, which shall be defined later. First of all, we will establish
the connection between Kato’s results and the Cauchy problem (24) and (25),
(cf. Lemma 1 below).

DEFINITION 3. By the transition mapping for the equation

(26) awldt = C(t)w, 02t=T,

we mean a family of operators U(t, s), 0Ss<t<T defined on H, such that w(t)
= U(t, s)w, is the solution of (26) with the initial condition w(s)=wy, for 0Ss<t<T.

LeEMMA 1. Let C(t) be the operator in the equation (24). Then, for all real numbers
A>0, we have:
(a) The operator \I—C(t) has a bounded inverse (\[— C(t))~? defined on H and

JI=C@)~] < A~
forall t in [0, T].
(b) The bounded operators C(t)(AI—C(0))~ are strongly continuously differ-
entiable for all t in [0, T).
(c) The equation (26), for C(t) as in (28), has only one solution w=w(t) in an
interval [0, T'), such that w(0)=w, for a given w, in D(C(2)).

Proof of (a). Since C(t)= — C(t), we have
2Re (C(t)w | w) = (C(t)w | w)+(C(t)w | w) = 0.

If (\I—- C(t))w =z, taking the inner products of both sides and taking real parts, we
obtain A|w| < | z||. Hence, it follows that if z=0, we have w=0, which implies that
the kernel of AI—C(¢) is {0}. Therefore, (A\I—C(t))~! exists for all A>0 and we
have |[(AI— C(t)) | < A~1. To complete the proof, we have to prove that the range
of AMI—C(2) is the whole of 5, Since \I— C(¢) is closed and (A/— C(¢))~?! is bounded
on its domain, we have the range of AI— C(¢) is closed in 5#’; therefore, it is sufficient
to prove that it is dense in S, Let v in 5# be orthogonal to the range of AI— C(t). We
have (M — C(t))u | v)=0 for all u in D(M— C(z)) which is dense in 5, It follows that
v e D((M—C())*)= D(A + C(¢)) and (u | (A[— C(2))v)=0 or (AI+ C(¢))v=0 which
implies v=0.
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Proof of (b). By Assumption III, it follows that C(¢) is strongly continuously
differentiable in D, for t€ R. Hence it follows that C(z)(AI—C(0))~'u is con-
tinuously differentiable in # for all ¥ in 5, since (\/— C(0))~* is bounded.

Proof of (c). By parts (a), (b), it is permissible to construct the transition
mappings U(z, s), using Kato’s method, associated to the operators C(¢) in an
interval [0, T]. Hence, it follows that all solutions w=w(t) of (26), such that
w(0) =w, belongs to D, are given by w(t)= U(t, 0)w, for 0= t<T. The uniqueness
of the solution of (26), is still a consequence of Kato’s results in [6].

LEMMA 2. The transition mappings for the equation (26) have norm one.

Proof. In fact, taking the inner product of both sides of the equation (26) with w,

we obtain
(% w) = (CO)w | W).

Hence, taking the real parts, we have

1d
5 77 WO = 0.

Integrating the last equation between s and ¢, it follows [w(z)| = |w(s)| for all
0=<s=t<T. Since w(t)=U(t, s)w,, for w, in D, is the solution of (26) such that
w(s)=w,. Whence, it follows

1UG, s)ws)| = [w®)] = [wis)]]
for all w(s) in D; therefore | U(t, s)||=1.

LemMA 3. Let u=u(t) be a solution of the system (16) and (17) on [0, T], for a
given T>0. Then we have

1A@) 2u(®) |2+ &' (D) £ KT, C)
Sor all t in [0, T, provided |lp|2,+ ||$|2= C.
Proof. Let u=u(t) be a solution of the system (16) and (17) on [0, T']. Then it

follows that
t 1/2
- (7

will be a solution of (24) and (25) on [0, T}, i.e., w(?) satisfies the equation
awldt = C(t)yw+f(t, w), 0<t=T,

with C(t) and f(z, w) defined in (24) and (25). Taking the inner product of both
sides of the last equation with w and taking real parts, we obtain

2 2 w0l = Re (/00, w(e) | ()

since Re (C(t)w | w)=0. Integrating the last scalar equation from 0 to t<T, we
have

WO = IO = 2Re [[ (7G5, w(s) | ws) .
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Since f(¢, w)=B(¢)w+g(w), we obtain
WO~ IO = 2Re || (Bls)uts) | wis) ds
—2Re f *(MQus)) | #(5)) ds.
0
By Browder’s hypotheses on M(u), we obtain
WO~ [ 5 2Re [ BEWE) | ) ds
t
+2k0(1 + L | A4(s)"2u(s) 2 ds)~
Since 2 Re (B(s)w(s) | w(s)) < b(s)||w(s)| 2, with b(s) continuous, we obtain
PO =W = [} 8w 17 ds+2kof 1+ [ 4G5y uts) |2 )
0 1]
If we take g(z)=|w(?)||%, the last inequality can be written as
80 = k+k, [ ao)-g(s) ds
where k= |w(0)| 2+ 2k,. If we set
a(t) = f " a(s)g(s) ds
0

we have z'(t)=a(t)g(¢) and then

Z'(t) £ a(t)(k+kyz(2)).
Hence it follows,

d
7 (k+kaz() = kaa()(k +ku2(1)
and integrating from 0 to <7, we obtain

log (k+k,z(s))

t t
sk fo a(s) ds
or
20) < (k) exp (ks f als) ds) - (.
Hence, it follows

t
g(t) < kexp (kl f als) ds) < k exp (\(T)T)

where N(T) =k, max {a(s) : 0Ss<T}. Since g(¢) = [|w(2) |2 = | A@®)*2u(?)|* + ||u'(2)|?
and k is fixed, the lemma is proved.
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LeEMMA 4. Let u=u(t) be a solution of (16) and (17) on [0, T]. Suppose that A(t) is
twice strongly continuously differentiable with first and second derivatives satisfying
the following conditions:

(@) (A(t)u ]| 1) <0,

4 (At | 9) 5 cOUAO ™+ | A0 0],

(b) [(A"()u | D) S k(A 2ul®+ || A() 20},
with ¢(t), and k(t) positive continuous functions for t 20. Then, if C> 0 is given, there
exists k(T, C)>0 such that

lw’ @+ [ A4 ()]? £ k(T, C)
for all t in [0, T, provided
14|12+ |l 2o+ 415, < C.
Proof. By Lemma 3, there exists a constant k¢ ;>0 such that
' D2+ [ 40 2u(®)|* < ko,r

for all ¢tin [0, T']. If we take k¢ r as the constant C in the Assumption III of Browder
[4], we can obtain bounds for |(d/dt)M(u(t))|. Let & be a positive real number, such
that 0<¢+hA<T. Then, 8,(w)(¢)=h"(u(t+h)—u(t)), is a solution of the following
equation:

%22 Sn(u)(t)+A(t)8,,(u)(t)+A(t+h)“(t+h})l—A(t)u(t+ )

M(u(t+ k) — M(u(t))
+ ; =

0.

By the hypotheses 111 in Browder [4], we have
1A= (M (u(t+ 1) — Mu@)| = ke,z] A@)"28,wu)(1)] +&(h)
where e(h) — 0 as h — 0.
If we set v=2§,(u), we have
d?ldt?+ A(t)v = g(2)

with g(t)=—A'()u(t+h)+f(t), where f(1)=—h"*(M(u(t+h))— M(u(t))) and
é=t+h0,0< O <1. Hence it follows that

( A(t)1/2v)
w = ,

v
is a solution of

dwldt = C(t)w+g(t,w), 0<1t<T,
in 5%, with g(¢, w)=B(t)w+ h(t), where h(t) is the vector

0
h(t) = (_ A'Ou(t+h)+1(t )) '
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Taking the inner product of both sides of the last equation with w and taking the

real parts, we obtain:
(dldt)|w(t)|* = 2 Re (g(t, w) | w).

To estimate 2 Re (g(t, w) | w), we have
Re (g(t, w) | w) = Re (B(t)w | w)+Re (h(1) | w).
With Re (B(t)w | w)<b(t)|w|?, where b(¢) is a continuous function on R*. Further
we have
Re (h(t) | w) = —Re (A" (§u(t+h) | v')+Re (f(2) | V)
with
Re (f(t) | v) £ |fO] 0] = k&.o{] A 0]+ "%} + & (B).
To estimate Re (A'(&)u(t+h) | v'), let us consider first of all (d/dt)(A4'(&)u(t+h) | v).
In fact,
dlde)(A'(Ou(t+h) | v) = (A" (Hu(t+h) | v)+ (A" (Eu(t+h) | V)+(A' (Eu(t+h) | V).
Then we have:
—Re (4'(§u(t+h) | v') = —Re (d]dt)(A'(§)u(t+h) | v)
+Re (A"(Ou(t+h) | v)+Re (A'(E)u'(t+h) | v).

Therefore, for A sufficiently small, we have, by hypotheses Re (4'(é)u'(1+h) | v)=0.
Still by the assumptions (a) and (b) we can estimate

—Re (d[dt)(A'(&u(t+h) | v) and Re (4" (Eu(t+h) | v).

For that it is important to observe that 4'/2(¢)4~'/%(s) is uniformly bounded on
[0, T]. Furthermore, if u is a solution of u”+ A(t)u+ M(u)=0, by Lemma 3, we
know that 4Y2(¢+ h)u(t + h) is uniformly bounded on [0, ¢] and then it follows that
AY2()u(t+ h) is also uniformly bounded on [0, T]. After suitable computations,
we have

@dn)|w®)]|* = a+b[w(®)]?

where a is a constant y(T, C) +¢(h) and b=5b(C, T), and both constants are positive.
If we set z(t)=|w(t)|?> we obtain the differential inequality z'(t)<a+bz(t),
0=<t=T, which implies ;

(d/dt)[e%z(2)] £ ae™™.
Integrating the last inequality, we obtain
z(t) £ e"z(0)+(a/b)(e*—1), O0=t=T.

Substituting z by |w(t)]2=|A()20(t)|2+ |v'(1)||* and v(z)=h" (u(t+h)—u(t))
in the last inequality and then making 4 — 0, we obtain

lw’ @+ 140" 2w @) = k'(C, T)|AQ)p+ M(9) |+ [ 4(0)*"*|* +£"(C, T).



1969] NONLINEAR WAVE EQUATIONS IN HILBERT SPACE 321
By hypotheses, we can estimate M(p) and then we obtain
')+ 4@ 2 @) < k(T, C), 0=t=T.

REMARK. The proof of Lemma 4 can be simplified if we take the inner product of
v’ with both sides of v+ A(t)v+ A" (u(t+h)=f(2).

Proof of Theorem 2(a). Let u=u(t), u;=u,(t) be two solutions of (16), (17)
corresponding to the initial data ¢, ¢, ¢y, ;. If we set w=u—u,, we have that w is
a solution of

d*wldt?®+ A()w+ M@u)—M@u,) =0
with the initial conditions

w0) = o=@,  W(0) = =iy

(A(t)”zw)
v = ,

w

is a solution of

27 dvjdt = C(t)v+f(t, v)
with f(¢, v)=B(t)v+g(v) and

Hence, it follows that

£ = et nt)
M(uy(1)) — M(u())
By Lemma 3 and Assumption (M1), we can estimate g(v) and we obtain

le@) = | M@u®)— M) £ k| A@)2u()].

Taking the inner product of both sides of the equation (27), with v, and taking the
real parts, we have

@/dn)[v@)|* = 2 Re (f (1, (1)) | v())
(@ldn) o) = O]

where c(¢) is a real continuous function on R. If we define z(¢)= |v(¢)||?, we have
Z'(8) S c(t)z(2).

Since a(t)#0, u and u, are not equal, we obtain from the last inequality z(¢)
=z(0)k(C, T).

When we substitute z(¢) as a function of u and u,, the last inequality proves (a)
of Theorem 2.

Proof of Theorem 2(b). If we set w=u—u,, it follows that

3u(w)(t) = [w(t+h)—w(n)]h™*

or

satisfies the equation

(@/dr®)3n(w)(1) + A(1)8u(w)(1) + A'(E)w(t +F)

@) +h~ Y M(u(t+h)) + M(u(2))) — h~ (M (u,(t+ 1)) — M(uy(2))) = 0.
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By the hypotheses on u, u;, by Assumption 1V in Browder [1], and certain calcula-
tions, we have

A= (M (u(r+h) — M(u(2))) — h = (M(us(t+ b)) — M(uy(1))) |
£ ko o{lA@) 28, w)O)| + | A 2w(2) [} + &(h).
It follows that if we take v=4§,(w), the equation (28) can be written as
29 d?ldt®+ A(t)v+ A" (Ew(t+h)+f(t) =0
with
1SN = k&A@ 2o@)]| + | A@)2w(2) [} + &(h).

Taking the change of variables

W (A(z)wu)

’

v
as in the Lemma 4, the equation (29) can be written as
(30) (dld)W(t) = C()W(1)+g(t, W(2))

with the same notation as in Lemma 4. Taking the inner product of both sides of
the equation (30) with W and taking real parts, we obtain:

(dldt)|W()[> = 2 Re (g(t, W(2)) | W(2)).
We have

Re (g(t, W()) | W(1)) = Re (B(O)W(1) | W(1))
—Re (A’ (Ow(t+h) | ') +Re (f(2) | W)
Re (B()W() | W) = b@)|W(®)|*

We have

with b(¢) continuous on R*.

Re (f(r) | W(1)) = (1 +5k&0) | W(1)||2+ 4k | A() w(t)|| + e(h)
and
—Re (A'(&)w(t+h) | v') £ 2Qh%k,(2) + D||w(2)||2+ 2k, (2) || A@)2w(2) | 2.

Since w(t+h)=hv+w, it follows that
| A@) 2wt +h)|[2 = 202 A1) 20]|2+ 2] A()2w(D)]2.
Consequently we can say that
ddn|w®)|* = K'(C, T, WO+ [ A0 >w®) >+ [ W'(0)|*} +e(h)

such that lim,_,, K’(C, T, h) exists and is a constant which depends only on C and
T. If we set
a@®) = WO+ 4@0)"2w@)|2+ [ W' ()]

we have
Z'(t) £ az(t)+e(h).
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Integrating the last inequality, we obtain
z(1) £ K(C, T)(z(0) + &(h)).

Substituting z(¢) in functions of u and u;, we obtain an inequality which implies
that in Theorem 2.

LeMMA 5. To prove Theorem 1, it is sufficient to prove that for each C>0, there
exists an interval [0, T;] such that the system (16) and (17) has a solution u=u(t) on
[0, T¢] for all sets of data [, ] such that

14Q)@?+ [ 4(0)'25 ]2+ | 4(0)* 2|2 < C.

Proof (Browder [1]). Suppose Theorem 1 is false. Hence it follows that for some
o € D(A(0)), ¢ € D(A(0)*/?), there exists T>0 such that no solutions of (16) and
(17) can be found outside the interval [0, T']. When ¢, 4, C vary as in the hypotheses
of Lemma 5, we can construct (by the uniqueness given by the corollary of Theorem
2), a solution u=u(t) of (16) and (17) defined on an interval [0, T,] with T, < T, such
that u=u(t) cannot be continued as a solution of (16) and (17) after T,. By
Lemmas 3 and 4 and by the Assumption I in Browder [1], we can obtain a constant
C, given by

Ci= sup {JAMUO]>+ A0 O] + |40 ()],

Let T, be any point inside the interval [0, T,] and let ¢,, ¥, be defined by ¢, =u(T5),
Y, =u'(T,). By the definition of C;, we have

14©)@. |2+ [ 4(0) 21 |2+ | 4(0) 29, | = Ci.

Hence, it follows that there exists a number T; =T, >0 such that the Cauchy
problem (16) and (17) at the point T, has a solution u; =u,(¢) defined on the interval
[Ty, To+T,] for all T, inside [0, T,]. When T,=T,—(1/2)T;, we obtain that
uy;=u,(t) at T,. By the uniqueness, u and u, are equal on [0, T,] and u=u(z) is
continuable outside [0, T,] as a solution of (16) and (17) and we have a contradic-
tion.

Now, we shall prove that for each C>0, there exists a T, >0, depending only
upon C and not upon ¢ € D(A(0)), ¥ € D(A(0)!/?), such that the system (16) and
(17) has a strict solution on [0, T¢], for each set of data ¢, ), with

4Ol + 113, + @], < C.
Let us rewrite the system (16) and (17):

@31 d?uldt®*+ A(Hu+ M) = 0,

(32) u© =9, 40 =4

The system (31) and (32) is equivalent to the system

33) (dwjdt) = C(t)w+f(¢, w), 0<t=T,

(34) w(0) = O,
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in the space 5 as in the system (24) and (25). By Kato [6] it follows that if w=w(¢)
is a strict solution of (33) and (34) on [0, T], then w=w(¢) is a solution of the follow-
ing integral equation:

35) w(t) = U(t, 0)0+ f U, 5)f (s, wis)) ds.

In fact, by Kato [6], for all w, € D(C(0)), we have
dldnyu(t, s)w, = —U(t, s)C(s)w,.
Hence, if w=w(t), 0<t<Tis a solution of (33) and (34), we have

dw(s)
ds

‘% U, s)w(s) = = U(t, s)C(s)w(s)+ U@, s)
or
(36) (dlds)U(t, s)w(s) = U(t, s)f(s, w(s)).

Integrating (36) from 0 to ¢ < T, we obtain the integral equation (35).

Since f(t, w) belongs to D(C(0)), we can use Kato’s results in [6], and conclude
that w(z) given by (33) is a strict solution of (33) and (34).

In order to complete the proof of Theorem 1, we have to prove that (35) has only
one continuous solution on an interval [0, T], for any 0 in D, with |®|<C, for a
given C>0. For that, we will construct a mapping S: X — X, where X is a metric
space which shall be defined later, such that for some sphere X; < X depending
upon C only, we have SX; < X and on X, the mapping S is a contraction and its
fixed point is equal to the solution of (35).

In fact, let ® € D be such that |®| < C, and T>0 is a real number which shall be
chosen later, depending upon C. Let us consider the set X= X(®, C, T) of all the
mappings w: [0, T]— 5, such that w=w(¢) is strongly continuous for all ¢ on
[0, T] and w(0)=0. If we define in X the distance between w;, w, by

d(wy, wo) = |wy—wellx
where

a7 wlx = sup [wio)]

It follows that X equipped with (37) is a complete metric space.
Now, suppose S is defined on X in the following way: for each v in X, w=Sv is
the function w=w(¢) defined on [0, T'] by

(38) w(t) = U(t, 0)(D+f0‘ U(t, s)[B(s)v(s)+g(v(s))] ds

where U(t, s) is the transition mapping associated to w'(z)=C(¢)w, B(t) and g(v)
are defined as in the system (24) and (25). Observe that the fixed points of (38) are
the solutions of (35).

By Kato’s results, w(z) defined by (38) belongs to X and thus, S is a well defined
mapping from X into X.
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Now we shall prove that given C>0, such that | @[ <C, we have a positive
number C;, depending only upon C, such that we can fix a number 7> 0, depending
only upon C; and therefore only on C, and such that if we consider the sphere

Xl = {Ue XI "U”x < Cl}
in X, we have SX; < X, and on X, the mapping S is a contraction.
In fact, let v € X; and w=Sv. Hence we have by definition of S

w(t) = U(t, 0)<D+Lt U(t, s)[B(s)uv(s) +g(v(s))] ds, 0st=T

whence it follows
t
() WOl S 01+ [ 1860+ ds.

REMARK 4. We know that the bounded operator B(s) is continuous for s=0,
and
le@N| = MA@~ "2x)| = k@)|x]| = k@)[v] %

By (39) we have
Iw®| = |®[+T|vx sup k'(r),
0StsST

k'(t) continuous. Since |®| <C, we take C,>2C and since k'(¢) is continuous,
we chose T>0 such that
T sup k'(¢) < 1)2
0sStsT
which depends only upon C. It follows that if v € X;, C, picked out before, we have
Sv € X, and then SX, S X,.

Let us prove now, that .S is a contraction. Suppose v,, v, in X; and let w;, w, be
such that Sv, =w, and Sv,=w,. Hence it follows

t
(W1 —wy)(t) = fo U(t, s)[B(s)(vy — v2)(s) + g(v1(s)) — g(v(s))] ds
whence it follows
[wi(@®)—wa(®)|| < Tlloy—vollx sup k'(z)
OStsST
and taking T as fixed before, we obtain
ISVi=SValx £ (1/2)|V1—Va|x
which proves that S is a contraction. Q.E.D.

Applications. Let G be a bounded domain in the real Euclidean space RY of
dimension N, with a smooth boundary 0G. Let us suppose the Hilbert space H
equal to L%G) of the classes of Lebesgue square-integrable functions with its usual
inner product.
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We will consider a selfadjoint realization in L%(G) of a formal partial differential
operator of second order, with coefficients depending on x=(x;, x5,..., Xy) € G
and on a positive real parameter ¢, the time variable. Thus, let 4(z) be the formal
differential operator
(40) a0 = - kzl o [ (X, 1) ] +e(x, 1)
where a;(x, 1), c(x, t) are real functions defined on @G x R, for i, k=1,2,.. ., N,
ag(x, )=ag(x,t) for 1=i,k<N, and there exist two bounded positive con-
tinuous functions Cy(¢) and C,(t) such that

N

(41) Ci(1)[¢)2 z”czlaik(x, N&& 2 Cot)| €2
for all &€=(£, &, ..., &) and x=(xy, X5, ..., xy) €G where |£]2=¢3462+

We suppose that a;(x, ), C(x, t) are C*® functions on G x R with derivatives up
to the order four bounded by a positive continuous function A(¢) on G x R. Further,
we suppose that a,(x, t), c(x, t) and da;,/0x;, satisfy the Lipschitz condition with
respect to ¢ uniformly in x and that inf, c(x, ¢)>0 for all #>0..

Let W™?(G) be the appropriate Sobolev space. We represent by A,(¢) the realiza-
tion of the formal differential operator A(¢) given by (40), under Dirichlet null
boundary conditions, i.e., the domain of A,(¢) is the set of functions u in W?22(G)
such that D%, =0 for all |«| <2. It follows that D(A44(¢)) is independent of ¢ and
dense in L2(G). Further, A,(¢) is a mapping from L?(G) into L%(G) which is self-
adjoint and semibounded by a positive continuous function. We have, moreover,
that A,(¢) satisfies all the conditions assumed in Theorem 1. We check only the
conditions y, and vy, on the computator, (cf. §3). In fact, D(A4,(¢)?) is the set of
u € D(A4(t)) such that A,(¢)u € D(A4(t)). Thus, by regularity theory (cf. Browder
[2, p. 52, Theorem 4]) it follows that u € W*?(G) and v, is fulfilled.

Let C,(t) the commutator of A4,(¢) and Ay(¢), the derivative of A4,(¢), which has
order three. For all u € D(Cy(t)) we have

42) |Ca(t)ullo,2 = B(D)|ulls,2

where B(¢) >0 is a continuous function. By Browder [2, p. 42, Lemma 1], we have
(43) lulls,e £ ul3lz: lulcz

for all u € D(A5(t)?). Again by Browder [2, p. 44], it follows that

(44) lul23 < ka(t){]| Ao(8)u|35+ )32}

Whence from (42) and (43) we have

45) lulla,z < k()] A2(t)?u]|33- |uull 812+ 1] 0,2}

for all u in D(A(z)?).
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Finally by (42) and (45) we have

IC@ullo,2 = AE)[| Aot)u |32l 62+ [u]o.2}

which is the condition (y;) with y=3/4 and this implies that A(¢)}/2 is continuously
strongly differentiable.

Since D*, for |«| <m, are bounded mappings from W™?(G) into L?(G), it follows
that dA,(¢)*/2/dt is a bounded mapping from D(A4(2)?) into L3(G). Whence it follows
that (dA,(¢t)*'%/dt)A(t) =2 is a bounded operator from L2%(G) into L¥G).
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