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1. Introduction. The primary purpose of this paper is to generalize Browder's

results contained in [1], to the case of wave equations with time variable coefficients.

The origin of this problem may be presented as follows. In the applications of

mathematical methods to physics, one is often concerned with the study of non-

linear partial differential equations, for example, the Klein-Gordon equation

(1) 32M/0r2-Aw + /i2w + TrV = 0,

where n, -q are constants and A is the Laplace operator.

K. Jörgens in Math. Z. 77 (1961), 295-308, has studied the Cauchy initial value

problem for equations of the form

(2) d2uldt2-Au + F'(\u\2)u = 0

which are generalizations of (1), where Fis a numerical function with derivative F'.

Jörgens used concrete analytical methods in order to obtain his results.

Browder in [1], has given the proof of the solvability of the Cauchy initial value

problem for a class of operator differential equations in an abstract Hilbert space,

which contains the equation (2) as a particular case. Following is a summary of

Browder's ideas contained in [1]. Given a Hilbert space H, let A be a selfadjoint

and positive semibounded operator with domain D(A), dense in H, and range in H

and M(u) be a nonnecessarily linear mapping from D(A112) into //satisfying certain

conditions (cf. [1, conditions I, II, III, IV]). Let us consider the vector functions

w: Ä->- D(A), where R is the field of real numbers, twice strongly continuously

differentiable in H and the operator differential equations:

(3) d2ujdt2 + Au + M(u) = 0.

Browder has given the proof of the solvability of the Cauchy initial value problem

for the strict solutions of (3), when the initial data («(0), u'(0)) is prescribed in

D(A) x D(A112). He used the operational calculus for selfadjoint operators in

Hilbert spaces and the Picard method of successive approximations. An application

is given when A is a selfadjoint realization of an elliptic partial differential operator
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on the Hilbert space L2(RN) and M{u) = F'{\u\2)u with convenient hypothesis on F,

and then he obtained Jörgens results.

The equations (3) are taken as the model for our study. The unique novelty, in

this step of our research, is the perturbation that shall be introduced in the co-

efficients of (3), i.e., we shall consider equations of the form

(4) d2u\dt2+A{t)u + M(u) = 0,

where A(t) is a family of operators with domain and range in H and for technical

reasons, we shall assume M(u) is a map from D(A(0)112) into D(A(0)112). The method

used by Browder, cannot be adapted naturally to the case of equations (4). Instead,

by a convenient change of variable, the Cauchy problem for (4) shall be transformed

in a nonlinear first order system (cf. §5, (20) and (21)), and the latter system can be

considered as a nonlinear first order equation (cf. §5 (24) and (25)), in the Hilbert

space which is the direct sum of H with H. To solve the nonlinear Cauchy

problem, we have used the Kato's results, (cf. [6]) and the Picard-Banach fixed

point theorem.

In §5 we shall give an example of a family of partial differential operators,

realized on L2(G), where G is a bounded open set in RN, which satisfies the abstract

hypothesis assumed on the coefficient A{t) of the equation (4).

I take this opportunity, to express my appreciation to Professor Felix E. Browder,

who proposed this question to me, for his assistance and valuable suggestions

during the period of research on the problem.

To Professor Leopoldo Nachbin, I express my personal gratitude for his constant

assistance and encouragement, particularly when I was research assistant at the

Institute for Pure and Applied Mathematics (Rio de Janeiro, Brasil), during the

years 1959-1961.

I would also like to express my appreciation to Professor Frank J. Hahn, for his

many discussions with me on the subject, when I was at Yale University during the

years 1962-1964.

2. On the domain of the square root. We denote by H a Hilbert space with

inner product ( | ) and norm || ||. Let {A(t), fSO} be a family of selfadjoint

operators of H, bounded below by a bounded continuous function k(t)>0, i.e.,

(A(t)u j w)>. k(t)(u I u) for all u in the domain of A{t), which shall be represented by

D(A(t)). If A = A(t0) is an operator in that family, then we consider the positive

square root of A, represented by A112. As a consequence of the spectral decomposi-

tion, it follows that D(A)^D(A112).

In the following, we will construct D(A112) from D{A) by a method used by

Friedrichs to obtain selfadjoint extensions for semibounded symmetric operators

(cf. Riesz-Sz. Nagy, Functional analysis, Ungar, New York, 1955, §124, p. 331). By

hypotheses, we have (Au \ u)^k(u | u), and let us suppose that k = 1. If we define in

D{A) a new inner product by [u \ v] = (Au \ v), it follows that the norm induced in

D{A) by [ I ], is greater than the original norm of H, i.e., [u \ u] = (Au | m)S(m | «).
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Let us represent by [[ ]] the norm induced by [ | ]. D(A) equipped with [[ ]]

is a pre-Hilbert space. The completion of D(A) with respect to [[ ]], can be

identified with a subspace H0 of H, and we have D(A) ^H0^H. We shall prove

in Proposition 1, that H0 = D(A112). We say that a sequence {un}<= D(A) converges

to ueD{Am) in the graph norm, if and only if || wn — w]| —0 and

\\All2un-All2u\\ ^0.

Lemma 1. The domain of A is dense in the domain of A112 with respect to the

graph norm.

Proof. In fact, let P(A), — oo<A< +oo, be the spectral family associated to A.

Since A ä 1, we have £(A) = 0 for A < 1. For v e D(A112), vn = E(ri)v, for each positive

integer n belongs to D(A) and \imvn = v, lim All2vn = All2v with respect to the

norm of H.

Proposition 1. The completion H0 of D(A) is the domain of the square root A112.

Proof. If u e H0, there exists a sequence {un}, un e D(A), such that {un} is a Cauchy

sequence in HQ normed by [[ ]], and converges to u in the original metric of H. It

follows that {All2un} is a Cauchy sequence of H, and thus convergent. Hence it

follows that u g D(A112), since A112 is closed.

Let u be a vector of D(A112). By Lemma 1, there exists a sequence {wn}c D(A)

such that un —> u and All2un —> All2u in H. Thereby {«„} is a Cauchy sequence in the

metric given by [[  ]] and it follows that u e HQ.

Proposition 2. Let A1 = A(t1), A2 = A(t2) be two operators of the family

{A(t), r^O} such that D^^cD{A2). If there exists a constant c>0 such that

(A2u I u)^c{AiU I u)for all u in DiAJ, then D(A{12) £ D(Al12).

Proof. In fact, let u be an element of D{A\12). Then, there exists a sequence {un}

contained in D(AX) such that un^u and A\l2un -> A\l2u. It follows that {un} is a

Cauchy sequence with respect to the metric given by [[^]]2 = (^2f; I *>), since

(A2v I v)^c(A1v I v). Hence, un^u and All2un -> w in H. Therefore u e D(A212).

Remark 1. The result contained in the Proposition 2, is a natural consequence

of the method used to construct the domain of the square root. In fact, if we define

[["]]i = G4i" I d) and [[w]]2 = (^2" I we have by hypotheses [[w]]2^ c[[«]]!, for all

u in D{AX). Hence, it follows that there are at least as many Cauchy sequences with

respect to [[  ]]2 as with respect to [[ ]]j.

Remark 2. Assuming the hypotheses of the Proposition 2, if D{A2) £ D{AX) and

if there exists a constant c' >0 such that (A^u \ u)^c'(A2u \ u) for all u in D(Al12), it

follows that D(All2)^D(A\12).

Remark 3. When D(AX) = D(A2) and there are constants c>0, c'>0 such that

c\A{u I h) S (A2u I u) S c(Axu I m)

for all u in D(A1) = D(A2), then D(A\I2) = D(Al12).
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Lemma 2. If A is an operator of the family {A(t), t S 0}, its range is equal to the

space H.

Proof. The range of A is dense in H because A is selfadjoint. It is sufficient to

prove that, if u e H then u belongs to the range of A. In fact, if u e H, there exists a

sequence {un} contained in the range of A such that un -> u in H. Let vn e D(A)

be such that Avn = un, «=1,2,.... Hence it follows that

0 < k\\vn-vm\\2 ^ (Avn-Avm I vn-vm) ^ \\Avn-Avm\\ ■ ||nn-um||.

Whence, we have that {vn} is a Cauchy sequence in H, then convergent to a vector

v e D(A) and such that Av=u.

By hypotheses on the family {A(t)}, we know that 0<k(t)(u | u)^(A(t)u \ u)

^ ||.-4(0«II • ||w||, for all nonzero u in D(A(t)). Then, it follows that the inverse

Ait)'1 exists for each r SO, and by Lemma 2, its domain is the space H. We need to

use the product A(t) A(s)~1 for t^s. Such a product is always defined when

D(A(t)) is constant with respect to t. In order to avoid difficulties, we shall make the

following assumption on A(t).

Assumption I. The domain D(A(t)) is constant for t^O i.e.

D(A(t)) = D(A(s)) for all (,j=0.

By Assumption I, it follows that the operators A^-Ait)'1 are well defined for

all s, t S 0 and are bounded, by the closed graph theorem.

Assumption II. The bounded operators A(t)- A(s)~x are uniformly bounded and

satisfy Lipschitz conditions with respect to t, i.e., there exist positive constants M and

k, such that \A(t)A(s)-*\^M and \\A(t)A(t0)-1-A(s)A(t0)-1\\^k\t-s\ for all

t, t0 and s.

Remark 6. By Remark 3, we conclude that when D(A(t)) = D(A(0)) = D and if

there exist continuous positive real functions c(t), c'(t) on the semiline rSO such

that

c'(t)(A(0)u I u) ^ (A(t)u I u) ^ c(t)(A(0)u \ u)

for all u in D, then D(A(t)ll2) = D(A(0)112) for all t.

We will prove, in the next theorem, that the Assumptions I and II are sufficient

conditions for the independence of D(A(t)112) with respect to t>0.

Theorem 1. If {A(t), ?S0} is a family of operators satisfying the Assumptions I

and II, then D(A(t)112) is independent of t for f SO.

Proof. In fact, the operators A(t)A(s)~1 — A(0)A(s)~1 are bounded.

Hence, it follows that for each u in D(A(t)) = D, we have

\\A(t)u-A(0)u\\ = nt/KO^)-1-^)^)-1]^)^)-1^)«!

^ MMA*)-1-^)^)-1!! • MWAor1!! • \\a(0)u\\

^ Mkt\\A(Q)u\\.
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Whence, it follows

\\A(t)u\\ ̂  \\A(t)u-A(0)u\\ + \\A(0)u\\ ̂ c(0M(0)«||

for all u in D, where c(t) = Mkt+l is always positive for t>0. By Satz 3 of Heinz

[5], (also Kato [7, Theorem 2]), we have

(5) M(01/8«|| ̂  k(t)\\A(0m

for all ueD, where k(t)= +c(t)m.

Since we also have

\\A(t)u-A(0)u\\ g II^O^)-1-^)^^)-1]^^)^)-1]^)"!,

we obtain by the same argument

(6) M(0)1,2m|| ^ k(t)\\A(t)ll2u\\.

By (5) and (6) we have

cO^MGO)1'2«!!2 ^ M(01,2w||2 ^ c(/)M(0)1,2M||2

for all u in D. Whence it follows that D(A(t)112) is independent of / (cf. Remark 6).

3. Integral representation of A". In this paragraph, we will prove an integral

representation for the fractional power A", 0<a<l, of a positive selfadjoint

operator A. Let f(X) = Xa be the positive real branch of the mapping A^Aa of

R into R. By the spectral decomposition, we have

(7) Aau = J°° X" dE(X)u

for all u in D(Aa).

Our next step will be to obtain, from (7), another integral representation of A".

First of all, we observe that for r>0 we know that (A±it)~1, i2= — 1, exists, is

defined and bounded on H.

Let us prove that for 0<a< 1, the mapping

/ -> t"{(A + it) ~1 + (A - it) - >

of 0^r< + oo into His integrable on Ogr<oo for each u e D(Aa) and we have

(8) Aau = C0S (cot/2) f°° ta{(A + il)"1 + (/t - il) ~> dt.
77 Jo

In fact, we have

(9) {(A + it)-i + (A-it)-i}u = Jo ^-2dE{X)u

for all u in H.

Suppose 0 < ?! < t2 < + oo and taking the product of both sides of (9) with t" and

integrating from tx to r2, we obtain

£21«{(A + it)-i + (A-ity > dt = j" |£2 dt} dE(X)u.
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For all u in D(A "), we obtain

Iä'u-C0S (7ra/2) f" t"{{A + it)~1 + (A-it)~ 1}m dt
II W Jtj

(10) = II r W1_2cos(W2) |V*       X I-
II JO \ J(i/a   i+s I 1

f-/,    2 COS^r/2) f'»'* a"*\a

Observe that A2" is integrable with respect to the measure o-(A) = (E(X)u | w), because

m e D(Aa) by hypotheses. Furthermore, we have

S"dS 77

l+j2 2cos(ött/2)
0 < a < 1.

Making rx -> 0 and /2 -> oo in (10), we obtain the representation (8).

If we decompose the integral (8) in two pieces and change the variables in the

second integral, we obtain

ra\t\°(A+it)->udt
TT J_w

for all u in D(A").

When we have a family of selfadjoint operators as in §2, then by (11) we have

(12) A(t)au = cos (oot/2) f + w wmo+ixy^dx
TT J _ a,

for all u in £»(^(0) and 0<a< 1.

4. Differentiability of square root.  In this section, we will use the representation

(12) in order to study the differentiability of A(t)112 in the sense of the next

definition.

Definition 1. Let {A(t), t real}, be a family of operators with constant domain

D=D{A{t)) and range in a Banach space B. We say that A(t) is strongly continuously

differentiate with respect to t, when for all u in D, the vector v(t) = A(t)u is con-

tinuously differentiable with respect to the norm of B, that is,

(13) Um {t-u)-\v(t)-v{t0))
t-t0:t*t0

exists in the sense of the norm of B and is continuous for all u in D and all t0.

When A(t) is differentiable, the limit (13) is called the derivative of A(t) and is

represented by

dA(t)
dt t = t0 dt

dA(t)
or A'(t).

Suppose now that {A(t), ?S0}, is a family of operators in a Hilbert space H, as in

§2 and satisfying the Assumptions (I), (II). In the following, we will prove that if
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A(t) is strongly continuously differentiable and the commutator C(t) of A(t) and

A'(t) satisfies the conditions yu y2 below, then it follows that A(t)112 is differ-

entiable in the same sense.

By hypotheses

lim {t-t0y\A{t)m-A(t0)a>)

exist for all cu in D = D(A{t)). If ueH, ojto(x) = (A(t0) + ix)-1u belongs to D.

Hence, it follows

lim (r-10) -\A(t) - A(t0))(A(t0) + ix) - lu

exists for all u in H and all real x. Since the bounded operators 04(0 + ix)"1 are

continuous in t, it follows that the following limit exists:

(14) lim (t-t0)-i[(A(t) + ix)-i[A(t)-A(t0)](A(t0)-ix)-i]u.

It follows that

lim (t -10) -'[(Ait) - ix) ~1 - (A(t0) - ix)

exists for all u in H, because

(A(t) + ix) -1 - (A(t0) + ix) = - (A(t) + ix) -l[A(t) - A(t0)](A(to) + ix) - K

Hence, if A(t) is strongly continuously differentiable, it follows that 04(f)+ 'X)_1 is

differentiable in the same sense and by (14) we have

JjC^O+fr)-1 = (Aio+ixyi^piAio+ixyK

Assuming certain hypotheses on the commutator C(t) of A(t) and A'(t), we shall

prove the convergence of the integral

j00 xll2(A(t) + ix)~M'(0C4(0 + ix)~xudx

for all u in D(A(t)112).

Let A = A(t0) be a fixed operator of the family {A(t), r^0}. Since D(A2) c D{A),

we have, for all u e D(A2), k\\u\\ ̂ {Au \ w)g ||^u|| and

(A2u I u) = (Au I Au) = \\Au\\2^ k2(u \ u)

where k = k(t0), which proves that A2 is bounded below, with lower bound k2.

By the same method used in §2, to construct D(Am) from D{A), we can construct

D(A) from D(A2). Furthermore, we know when D(A(t)2) = constant implies

D(A(t)) = constant. Consequently, let A(t)2, A(t), A(t)m have constant domains
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and let A(t) be strongly continuously differentiable. Let us suppose that the

commutator C(t) of A(t) and A'(t) satisfies the following conditions:

D(A(t)2)czD(C(t))

(y2) There exists y, 0^y<l and a bounded positive continuous function c(t),

rSO, such that

\\c(t)u\\ g C(*xiM(Oa«rH1-r+ll«l|}

for all u in D(A(t)2).

We shall prove that with the hypotheses (yx) and (y2) on the commutator C{t),

the integral

j" xm{A(t) + ix)-1A'(t)(A{t) + ixyLu dx

is convergent for all u in D(A(t)112) or equivalently

/ =      x1'2(^(0 + i'x)-M'(0(^(0 + ^)"1^(0"1/2"^

is convergent for all u in H.

In order to make the calculations easier, we shall write A=A(t), A' = A'(t) and

A(t)~ll2 = A'112. Hence, we have AA'-A'A = C or

(A + ix)A'-A'(A + ix) = C.

Multiplying on both sides by (A + ix)'1, we obtain

A'(A + ix) ~1-(A + ix)-1A' = (A + ix) ~1C(A + ix)"1

or

(A + ix)-^' = A'iA + ixy-iA + ixyCiA + ix)-1.

Substituting the last expression in the integral I, we obtain:

xll2A'(A + ix)-2A-ll2u-xll2(:A + ix)-1C(A + ix)-2A-ll2udx.

We have

A =      xll2A'(A + ix)-2A-ll2dx

= A' P x1'2 ( P      (jx + ix) -2fi-1/2 dE(p)\ dx
Jo \Juiuo>o I

= A' H      /x-1/2( r (n + ix) -2x112 dx) dE(p))■
Jßkuo>o \Jo I

We know that

P xll2(p + ix)-2 dx= r ^'V'V'^l+njV dr, = hp-
Jo Jo

after the substitution, where h is the value of the integral in rj.
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Hence it follows

p-idEfa) = kA'A-1

which is bounded.

Let I2 be the integral

I2 =     xll2(A + ix) ~1C(A + ix) ~2A ~ ll2u dx.
0

To prove the convergence of 72, we have by yu y2:

\\xll2(A + ix) -1C(A + ix) -2 A " ll2u\\

g x1'21(A + ix)~11| • ||C(A + ix)-2A~1u\\

^ kx112\\(A + ix) ~11 {I A\A + ix) ~2A - ll2u||'• ||(A + ix)'2A ~ ll2u\\l-y

+ \\(A + ix)-2A-ll2u\\}.

Note that k is the continuous function c{t) of the hypotheses y2.

For large values of x, we have

IK^ + ix)-1!! 5 x-xl(A+ix)-aA-ll2\ ^ Kx~5'2

\\A2(A + ix)-2A-ll2u\\ g ü:x-1/2||h||.

Finally we have

|| xll2(A + ix) ~1C(A + ix) ~2A~ll2u\\

^ >tx1/2x -    yx - ''^ || w || 'ü: 1 - "x - 5(1 - ")/21| m ||1 ~y -f- ÄTjc -5/21| w ||}

= {KlX-**r+Klx-*j\ul.

Hence it follows that the integral 72 is convergent, because 0^y< 1.

Whence, it follows that with the hypotheses (yj, (y2) on the commutator, the

converges and it is equal to the derivative of the integral, i.e., the vector v(t)

= A(t)ll2u is strongly continuously differentiable for all u in D(A(t)112).

Remark. The above proof is an adaptation for the present purpose of an argu-

ment given by F. Browder, Commutators with powers of an unbounded operator in

Hilbert space, Proc. Amer. Math. Soc. 16 (1965), 1211-1213.

5. Cauchy problem for wave equations. Let {A(t), t ̂  0} be a family of operators

as in §2. Hence by Theorem 1, §2, it follows that D(A(t)112) is also independent of t.

Let us represent by C2(R, H), the set of vector functions u=u(t) from R into H,

which are twice strongly continuously differentiable with respect to t. Let M(u) be a

function, not necessarily linear from D(A(0)112) into D(A(0)112) satisfying the

conditions (I), (II), (III), (IV) of Browder [1]. Let us suppose D(A(0)112) equipped

with the norm ||   ||„0 defined by ||w||Wo = ||^(0)1,2«||.

integral
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Definition 1. We call nonlinear wave equations in H, with time variable coeffici-

ents, all the equations of the form

(15) d2uldtz+A(t)u+M(u) = 0

with u e C2(R, 77), A(t) and M(u) as above.

We will consider the Cauchy problem

(16) d2uldt2 + A{t)u+M{u) = 0,

(17) u(0) = <p,     u'(0) = +,

for t^O, <p e D(A(0)) and f e D(A(0)112).

Definition 2. A function u in C2(R, 77), is said to be a strict solution of the

Cauchy problem (16) and (17), when u(t) e D(A(0)), t S 0, du/dt e D(A(0)112),

A(t)u{t), d2u\dt2, A(t)ll2u(t), A(t)ll2(du/dt) are uniformly continuous on every

interval [0, T], T>0, and the system (16) and (17) is satisfied.

To prove the existence and uniqueness of strict solutions for (16) and (17), we

need the following condition about A(t)112.

Assumption III. The operator A(t)112 is strongly continuously differentiable for

all /SO and (dA(t)ll2/dt)A(t)~112 is bounded by a bounded positive continuous

function.

Now, we are in conditions to prove the main results in this paragraph, that is,

the Theorems 1 and 2 below. The first one gives the existence of strict solutions and

the second gives bounds for these solutions and their continuous dependence on the

initial values.

Theorem 1. Let {A{t), fSO} be a family of operators in a Hilbert space H,

satisfying the Assumptions I, II in §2, III in §4, and M{u) the mapping fixed before.

Then, the system (16) and (17) has a strict solution u = u(t),t^0, provided

9 e D(A(0)), <f> £ D(A(0)112) and

(18) Ml„+W<c

where C is a positive constant.

Theorem 2. Under the hypotheses of Theorem 1, for each T>0, if u,ux are

solutions of (16) and (17) corresponding to the initial data <p, </>, 9^, t/^ satisfying the

condition (18), we have

llAity'MO-Aity^itW+Mo-umi2 = m c){||<p-9>illä„+||^-^ll2}

for all t in [0, T).

Theorem 3. If we assume the hypotheses of Theorem 1 and hypotheses (a) and (b)

of Lemma 4 and

(19) M(0)?||2+ \7\ia+ \W < c1M(0)9,1p+|9l||»0+ M2 < c
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we have

|| u\t) - «?(0||2 +1| WV(0 - ^(01/2«i(0 II2

^ *(r, c){||9>-9illä„+l^(0)9)-^(0)9'i||2+||<A-'/'i||2}

for each pair of solutions u, ux of (16) and (17) corresponding to [<p, </>], i/ij.

Corollary. 77je solution of the system (16) onrf (17) with conditions (19), is

uniquely determined by the initial data % if/.

The proofs of the Theorems 1, 2 and 3, follow from the lemmas below. First of

all, we shall do a change of variable in order to transform the system (16) and (17)

in an equivalent first order system in a convenient Hilbert space Jf?.

If we take v=du\dt in (16) and (17), we obtain

(20) du\dt = v,     dv/dt = -A{t)u-M{u),

(21) W(0) = 9,     »(0) = f

If we take x=A(t)1,2u, y = v in (16) and (17) and use the Assumption III, we

obtain

(22) dxjdt = A(t)-^x + A(ty>2y,

dy/dt = -A(t)ll2x-M(A(tyll2x);

(23) x(0) = A(0y2v,     y(0) = *.

Let us consider the Hilbert space Jf = H@H, direct sum of H plus H and we

shall represent its elements by column vectors (x) instead of pairs (x, y) as is usually

done. We have

x\l/z\\ . I!/*\!I2     .. ..,   „ ...
'+bll

for the inner product and norm in

Hence, it follows that the Cauchy problem (16) and (17) in H, is equivalent to the

following Cauchy problem in

(24) dw/dt = C(t)w+f(t, w),

(25) w(0) = <t>,

where

A(0)ll2<p

0
C(t) =

B(t) =

SM = I    .«J.v.,- xl   and /(7, w) = B(t)w+gt(w).
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Remark 1. The operator B(t) is bounded by Assumption III. If C>0 is the

constant in the condition (18), then ||<E>||2<C. Furthermore, we observe that

Oe £>(C(0)), D{C{t)) is independent of t and dense in The adjoint of C(r) is

— C(t), which is the transpose of C(t).

Kato in [6] has studied the Cauchy problem (24) and (25) in the linear case, that

is to say, when f(t, w) is a function f(t) from R into a Banach space 38, strongly

continuous in t on an interval [a, b]. He proves the existence and uniqueness for the

strict solutions, i.e., the existence of a w=w(t) which is strongly, continuously

differentiable, where C(t)w(t) is strongly continuous and w=w(t) satisfies the

system w'(t) = C(t)w(t) +f(t), w(0)=wo. We shall use Kato's results, when we

apply the Picard-Banach fixed point theorem to the system (24) and (25), in a

convenient metric space, which shall be defined later. First of all, we will establish

the connection between Kato's results and the Cauchy problem (24) and (25),

(cf. Lemma 1 below).

Definition 3. By the transition mapping for the equation

(26) dw/dt = C(t)w, O^t^T,

we mean a family of operators U(t,s), O^s^t^T defined on H, such that w(t)

= U(t, s)w0 is the solution of (26) with the initial condition w(s) = w0,for 0=J=-r=!T.

Lemma 1. Let C(t) be the operator in the equation (24). Then, for all real numbers

A>0, we have:

(a) The operator XI-C(t) has a bounded inverse (XI— C(/))_1 defined on H and

IKAZ-CW)"1! < A"1
for all t in [0, T].

(b) The bounded operators C(/)(A/-C(0))_1 are strongly continuously differ-

entiable for all t in [0, T].

(c) The equation (26), for C(t) as in (28), has only one solution w = w(t) in an

interval [0, T], such that w(0) = w0for a given w0 in D(C(t)).

Proof of (a). Since C(f) = - C(t), we have

2Re (C(t)w I w) = (C(t)w \ w) + (C(t)w \ w) = 0.

If (XI— C(t))w = z, taking the inner products of both sides and taking real parts, we

obtain A|wj| ̂  ||z||. Hence, it follows that if z = 0, we have w=0, which implies that

the kernel of XI-C(t) is {0}. Therefore, (XI-CO))-1 exists for all A>0 and we

have ||(A7—C(r))_1|| < A-1. To complete the proof, we have to prove that the range

of XI- C(t) is the whole of Jtf. Since XI- C(t) is closed and (XI- C(t)) ~1 is bounded

on its domain, we have the range of XI- C(t) is closed in 3f; therefore, it is sufficient

to prove that it is dense in 3^. Let v in be orthogonal to the range of XI— C(t). We

have ((XI-C(t))u \v) = 0 for all u in D(XI-C(t)) which is dense in 3V. It follows that

v e D((XI-C(t))*) = D(XI+C(t)) and (u | (A/-C(/)» = 0 or (XI+C(t))v = 0 which

implies v = 0.
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Proof of (b). By Assumption III, it follows that C(t) is strongly continuously

differentiable in D, for t e R. Hence it follows that C(t)(XI-C(O))"1» is con-

tinuously differentiable in t for all u in Jf, since (XI— C(O))"1 is bounded.

Proof of (c). By parts (a), (b), it is permissible to construct the transition

mappings U(t, s), using Kato's method, associated to the operators C(t) in an

interval [0, T], Hence, it follows that all solutions w = w(t) of (26), such that

w(0) = w0 belongs to D, are given by w(t) = U(t, 0)w0 for 0^ t^ P. The uniqueness

of the solution of (26), is still a consequence of Kato's results in [6].

Lemma 2. The transition mappings for the equation (26) have norm one.

Proof. In fact, taking the inner product of both sides of the equation (26) with w,

we obtain

(^|h>) = (C(t)w\w).

Hence, taking the real parts, we have

Integrating the last equation between s and t, it follows ||vv(0|| = |IM'(5)II for all

O^sSr_T. Since w(t)= U(t, s)ws, for ws in D, is the solution of (26) such that

w(s) = ws. Whence, it follows

\\u(t, s)w(s)\\ = ho || = IK*) II
for all w(s) in D; therefore || U(t, s)\\ = l.

Lemma 3. Let u = u(t) be a solution of the system (16) and (17) on [0, T], for a

given T>0. Then we have

\\A(ty'Mt)\\2+\\At)\\2^k(T,c)

for all t in [0, T], provided \\<p\\l0+ U\\2S C.

Proof. Let u=u(t) be a solution of the system (16) and (17) on [0, T]. Then it

follows that
iA(tr2u\

h-(o = ( u, )

will be a solution of (24) and (25) on [0, P], i.e., w(0 satisfies the equation

dwjdt = C(t)w+f(t, w),      0 ^ t ^ T,

with C(0 and f(t, w) defined in (24) and (25). Taking the inner product of both

sides of the last equation with w and taking real parts, we obtain

5 5 KOI' = Re (f(t, w(t)) I iv(0)

since Re (C(t)w | w)=0. Integrating the last scalar equation from 0 to tST, we

have

||w(0||2- ||w(0)H2 = 2 Re £ (f(s, w(s)) I w(s)) ds.
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Since /(/, w) = B(t)w+g(w), we obtain

KOI"- lk(0)||2 = 2 Re £ (B(s)w(s) \ w(s)) ds

-2 Re j' (M(u(s)) I u'(s))ds.

By Browder's hypotheses on M(u), we obtain

II *K0 II2 - II w(0)||2 S 2 Re £ (5(j)w(j) | w(s)) ds

+ 2*0(l+£ \\A(sy>2u(s)\\2 ds)-

Since 2 Re (ä(j)w(j) | w(j))^o(s)||w(s)||2, with b(s) continuous, we obtain

||w(0||2-||w(0)||2 ^ jtob(s)\\w(s)\\2ds+2^1 + ^ \\A(sy'2u(s)\\2 ds)-

If we take g(t)= \\w(t)\\2, the last inequality can be written as

g(t) S k+k! £ a(s)g(s)ds

where /c= ||h>(0)||2+2/c0. If we set

a(t) = £ a(j)g(i) ds

we have z'(r) = a(r)/j(f) and then

z'it)    aiOik + k^it)).

Hence it follows,

j((k+klZ(t)) ^ kMOik + k^t))

and integrating from 0 to t^T, we obtain

i ft
log (k + k^is))    S kx    a(s) ds

o Jo

or

z(/) ^ (yt/yti) exp ^fcj £ ds)-(k/k1).

Hence, it follows

g(f) £ k exp ̂  J' a(j) ds) ^ k exp (A(J)D

where A(D = *i max {a(s) : 0^7*}. Since g(t)= KOI1- ||,4(01,2w(0ll2 + II"'
and k is fixed, the lemma is proved.
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Lemma 4. Letu = u(t) be a solution of (16) and (17) on [0, T]. Suppose that A(t) is

twice strongly continuously differentiable with first and second derivatives satisfying

the following conditions:

(a) (A'(t)u\u)<0,

jt(A'(t)u I 0) ^ c(t){\\A(ty2u\\2+\\A(tyi2v\\2},

(b) \(A"(t)u I v)\^k(t){\\A(tr2u\\2+\\A(ty2v\\2},

with c(t), andk(t) positive continuous functions for räfj. Then, if C>0 is given, there

exists k(T, C) > 0 such that

\\u"(t)\\2+\\A(ty2u'(t)\\2^k(T,C)

for all t in [0, T], provided

\\A(o)<p\\2+h\\2wo+\m2Wo < c.

Proof. By Lemma 3, there exists a constant kCiT>0 such that

\\u'(t)\\2+\\A(ty2u(t)\\2^kc,T

for all t in [0, T]. If we take kc,T as the constant C in the Assumption III of Browder

[4], we can obtain bounds for \\(djdt)M(u(t))\\. Let h be a positive real number, such

that 0<t + h<T. Then, 8n(u)(t) = h~1(u(t+h)-u(t)), is a solution of the following

equation:

^8fc(MX0+A0^X0+^M,+A)"i<(,)a(f+*)

. M(h0+/!))-A/(w(0) = 0.
A

By the hypotheses III in Browder [4], we have

\\h-i(M(u(t + h))-M(u(t)))\\ ^ kc,T\\A(ty'28h(u)(t)\\+e(h)

where e(h) -> 0 as h -> 0.

If we set u = S„(w), we have

d2/dt2 + A(t)v = g(f)

with g(t)=-A'(Ou(t+h)+f(t), where /(/)=-A-^A/O/ft+Afl-MMO)) and
f=r+A0,O<0<l. Hence it follows that

w

is a solution of
dw/dt = C(r)w+g(r, w),     0 < t <T,

in ^ with g(t, w) = B(t)w+h(t), where A(0 is the vector

Kt) \-A\m+h)+f{t)j'
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Taking the inner product of both sides of the last equation with w and taking the

real parts, we obtain:

(«IK0II2 = 2 Re (g(t, w) I w).

To estimate 2 Re (g(t, w) | w), we have

Re (g(t, w) I w) = Re (B(t)w | w) + Re (h(t) | w).

With Re (B(t)w \ w)Sb(t)\\w\\2, where b{t) is a continuous function on R+. Further

we have

Re (h(t) I w) = -Re (A'(£)u(t+h) \ v') + Re (f(t) \ v')

with

Re(/(0 I V) = \\v'\\ g ^,r{M(01,^||2+||^H2} + ̂ ).

To estimate Re (A'(£)u(t+h) \ v'), let us consider first of all (d/dt)(A'(£)u(t+h) \ v).

In fact,

(dldt)(A'(0u(t + h) I v) = (A"(£)u(t + h) [ v) + (A'(£)u(t + h)' \ v) + (A'(0u(t + h) \ v').

Then we have:

-Re(A'(0<t+h) I v') = -Re(dldt)(A'(Ou(t + h) I «0
+ Re (A"(£)u(t + h) \v) + Rc {A'{£)u'{t + h) \ v).

Therefore, for h sufficiently small, we have, by hypotheses Re (A'({)u'(t+h) | v)^0.

Still by the assumptions (a) and (b) we can estimate

-Re (dldt)(A'(0u(t+h) I v)  and  Re (A"(0"(t + h) \ v).

For that it is important to observe that All2(t)A~ll2(s) is uniformly bounded on

[0, T]. Furthermore, if u is a solution of u" + A(t)u + M(u) = 0, by Lemma 3, we

know that All2(t + h)u(t + h) is uniformly bounded on [0, FJ and then it follows that

All2(t)u(t + h) is also uniformly bounded on [0, T]. After suitable computations,

we have

(dldt)\\w(t)\\2 ^ a + b\\w(t)\\2

where a is a constant y{T, C) + e(h) and b = b(C, T), and both constants are positive.

If we set z(t)= ||w(0||2 we obtain the differential inequality z'(t)^a + bz(t),

0^?5jF, which implies

(dldt)[e-btz(t)] ^ ae~bt.

Integrating the last inequality, we obtain

z(t) ^ eMz(0) + (a/b)(ebt-l),      0 ^ t ^ T.

Substituting z by |K0ll2= IM(01/M0||a+ II»'(0IIs and v(t) = h-1(u(t + h)-u(t))
in the last inequality and then making h -> 0, we obtain

IK(0ll2+ \\A(tyi*uVW ̂ k'(c, j)p(0)(p+M(<P)||2+ \\A(oyw+k"(c, n
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By hypotheses, we can estimate M(q>) and then we obtain

IK(0ll2+ MO)1'2"'« II2 ̂ KT, c), o^t^T.

Remark. The proof of Lemma 4 can be simplified if we take the inner product of

v' with both sides of v" + A(t)v + A'(Z)u(t + h)=f(t).

Proof of Theorem 2(a). Let u = u{t), u1 = u1(t) be two solutions of (16), (17)

corresponding to the initial data <p, <p, tpx, yV If we set w=u—uu we have that w is

a solution of

d2wldt2 + A(t)w+M(u)-M(Ul) = 0

with the initial conditions

h'(0) = <p-<plt     h-'(0) = >p-'l>i-

Hence, it follows that
^ _ L4(t)1!2w^

is a solution of

(27) dvldt = C(t)v+f(t, v)

with f(t, v) = B(t)v+g(v) and

8(v) = (m(Mi(0)-a/(m(0))'

By Lemma 3 and Assumption (A/1), we can estimate g(v) and we obtain

\\g(v)\\ ^ \\M(u(t))-M(Ul(t))i ^ kc\\A(ty2v(t)\\.

Taking the inner product of both sides of the equation (27), with v, and taking the

real parts, we have

(dldt)\\v(t)\\2 = 2 Re (/ft KO) 1*0)
or

(«WOII2 ^ c(t)\\v(t)\\2

where c[t) is a real continuous function on R. If we define z(t) — ||K0l|2> we nave

z'mc(t)z(t).
Since o(0#0, « and ux are not equal, we obtain from the last inequality z(t)

^z(0)k(C,T).

When we substitute z(t) as a function of u and w1; the last inequality proves (a)

of Theorem 2.

Proof of Theorem 2(b). If we set w = u—uu it follows that

Sh(w)(t) = [*<*+A) - *<<)]*-1

satisfies the equation

(28) Wt 2)8h(w)(t) + A^w^ + A'^{+V

+ h-\M(u(t + h)) + M(u{t)))-h-\M(u1(t + h))-M(u1(t))) = 0.
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By the hypotheses on u, uu by Assumption IV in Browder [1], and certain calcula-

tions, we have

\\h - \M{u(t+A)) - M(u(t)))-«"\M(Ul{t+h)) - M{Ul{t))) ||

^ k'c,T{U(tyi2oh(w)(t)\\ + \\A{ty2w(t)\\} + e(h).

It follows that if we take v = 8h(w), the equation (28) can be written as

(29) d2vldt2 + A(t)v + A'(£Mt+")+f(t) = 0

with

||/(0|| =5 ̂.T{|M(01,M0ll + M(01,2w(0ll}+<«)-

Taking the change of variables

w = {Ait)mv)

as in the Lemma 4, the equation (29) can be written as

(30) (dldt)W(t) = C(t)W(t)+g(t, W(t))

with the same notation as in Lemma 4. Taking the inner product of both sides of

the equation (30) with W and taking real parts, we obtain:

(d/dt)\\W(t)\\2 = 2Rc(g(t, W(t)) I W(t)).
We have

Re(g(r, W(t)) I Wit)) = Re (B(t) W(t) \ W(t))

-Re(A'(t)>V(t+h) I t/(0) + Re(/(0 | 1^(0)-
We have

Re (5(0 W(t)\ W(t)) ^ b(t)\\W(t)\\2

with bit) continuous on R +.

Re(/(0 I Wit)) z (l+5^2r)||H/(r)p + 4^2r||^(01/2vv(0ll+<«)

and

-ReiA'{i)wit + h) I v') ^ i2h2k1it)+ l)||w(/)||2 + 2A:1(0|M(01,2w(0||2.

Since wit + h) = hv + w, it follows that

[|/t(O1,2w(r + /0||2 ^ 2/j2|M(01/2^||2 + 2M(r)1/2H'(0||2.

Consequently we can say that

(«11T(0||2 ^ K'iC, T, h){\\ W(t)\\2+ ||/((01,2H<r)|i2+1 W\t)\\2} + eih)

such that lim„_o K\C, T, h) exists and is a constant which depends only on C and

T. If we set

a{t)= ||n/(0||2+M(01'M0«2+l|w/'(0ll2
we have

z'it) ^ azit) + eih).
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Integrating the last inequality, we obtain

z(t) g K(C,T)(z(0) + s(h)).

Substituting z(t) in functions of u and uu we obtain an inequality which implies

that in Theorem 2.

Lemma 5. To prove Theorem L, it is sufficient to prove that for each C>0, there

exists an interval [0, Tc] such that the system (16) and (17) has a solution u = u(t) on

[0, Tc] for all sets of data [<p, </<] such that

||^(0)<p||2-i- M(O)1/20H2+ M(0)1/2<p!l2 < c.

Proof (Browder [1]). Suppose Theorem 1 is false. Hence it follows that for some

<pe D{A(0)\ i/< e D(A(0)112), there exists F>0 such that no solutions of (16) and

(17) can be found outside the interval [0, T]. When <p, tfi, C vary as in the hypotheses

of Lemma 5, we can construct (by the uniqueness given by the corollary of Theorem

2), a solution u=u(t) of (16) and (17) defined on an interval [0, P0] with T0^T, such

that u = u(t) cannot be continued as a solution of (16) and (17) after T0. By

Lemmas 3 and 4 and by the Assumption 1 in Browder [1 ], we can obtain a constant

Cx given by

cx= sup {M(?)W(0l!2 + IM(01,V(0« + IM(01,2«(0l!2}.

Let T2 be any point inside the interval [0, T0] and let q>t, i/^ be defined by <p± = u(T2),

<f'1 = u'(T2). By the definition of Cu we have

U(0)n\\2+\\A(oy2M2+U(oy>2942 ^ cv

Hence, it follows that there exists a number T1 = TCl>0 such that the Cauchy

problem (16) and (17) at the point T2 has a solution wx = u±(t) defined on the interval

[Ta,Ta+Ti] for all P2 inside [0, P0]. When P2 = P0-(1/2)P1, we obtain that

u1 = u1(t) at T2. By the uniqueness, u and ux are equal on [0, P0] and u = u(t) is

continuable outside [0, P0] as a solution of (16) and (17) and we have a contradic-

tion.

Now, we shall prove that for each C>0, there exists a To>0, depending only

upon C and not upon 99 e D(A(0)), </> e D(A(0)112), such that the system (16) and

(17) has a strict solution on [0, Pc], for each set of data <p, if), with

ll^OVP+^ll^+llyllfvo < C.
Let us rewrite the system (16) and (17):

(31) d2u\dt2 + A(t)u+ M(u) = 0,

(32) w(0) = <p, «'(0) = </,.

The system (31) and (32) is equivalent to the system

(33) (dw/dt) = C(t)w+f(t, w), O^rgP,

(34) w<(0) = <D,
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in the space Stf, as in the system (24) and (25). By Kato [6] it follows that if w = w{t)

is a strict solution of (33) and (34) on [0, T], then w = w(t) is a solution of the follow-

ing integral equation:

(35) w(0 = £/(/, 0)0 + J" U{t, s)f(s, w(s)) ds.

In fact, by Kato [6], for all w0 e 7)(C(0)), we have

(d/dt)U(t,s)w0 = -U(t,s)C(s)w0.

Hence, if w = w(t), 0</<Fis a solution of (33) and (34), we have

js U(t, s)w(s) = - U(t, s)C(s)w(s)+U(t, s)

or

(36) (d/ds)U(t, s)w(s) = U(t, s)f(s, w(s)).

Integrating (36) from 0 to t< T, we obtain the integral equation (35).

Since /(?, w) belongs to D(C(0)), we can use Kato's results in [6], and conclude

that w(t) given by (33) is a strict solution of (33) and (34).

In order to complete the proof of Theorem 1, we have to prove that (35) has only

one continuous solution on an interval [0, T], for any 0 in D, with JjO|j ̂  C, for a

given C>0. For that, we will construct a mapping S: X X, where A'is a metric

space which shall be defined later, such that for some sphere XX^X depending

upon C only, we have SA^ £ X and on Xx the mapping S is a contraction and its

fixed point is equal to the solution of (35).

In fact, let <P e D be such that j| 5> || ̂  C, and T> 0 is a real number which shall be

chosen later, depending upon C. Let us consider the set X= X{<$>, C, T) of all the

mappings w: [0, T] s€, such that w = u(F) is strongly continuous for all t on

[0, T] and vv(0) = 0. If we define in X the distance between wlt w2 by

d(wu w2) = IvVj-Walx
where

(37) Hx=  sup HOI-
0 <t <T

It follows that X equipped with (37) is a complete metric space.

Now, suppose S is defined on X'm the following way: for each v in X, w = Sv is

the function w = w(t) defined on [0, T] by

(38) w(t) = U(t, 0)0+ f U(t, s)[B(s)v(s)+g(v(s))] ds
Jo

where U(t, s) is the transition mapping associated to w'(t) = C(t)w, B{t) and g(v)

are defined as in the system (24) and (25). Observe that the fixed points of (38) are

the solutions of (35).

By Kato's results, w(t) defined by (38) belongs to X and thus, S is a well defined

mapping from X into X.
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Now we shall prove that given C>0, such that ||0||<C, we have a positive

number Cu depending only upon C, such that we can fix a number T> 0, depending

only upon d and therefore only on C, and such that if we consider the sphere

X1 = {veX\ \\v\\x < O

in X, we have SXX £ Xx and on A\ the mapping 5 is a contraction.

In fact, let v e A\ and w = Sv. Hence we have by definition of S

w(t) = Uit, 0)<D + J* l/(r, s)[Bis)v{s)+g{vis))] ds, O^t^T

whence it follows

(39) Hoi ^ I;o||+£ |5(*M*)+£(K*))I

Remark 4. We know that the bounded operator B{s) is continuous for jSO,

and

\\g(v(s))\\ = !|M(^(0-1/2x)|| ̂  *(/)H ^ fe(0|f|U.

By (39) we have

Holl ^ ||<i>||+71MU sup k'it),

fc'(f) continuous. Since ||0||<C, we take C1>2C and since k'(t) is continuous,

we chose T>0 such that

T sup k'it) < 1/2
ostsr

which depends only upon C. It follows that if v e Xx, d picked out before, we have

Sv e Ar1 and then SXX £

Let us prove now, that S is a contraction. Suppose i^, u2 in Xi and let w^, w2 be

such that St)l = H'1 and Sv2 = w2. Hence it follows

(Wl - W2)(t) = p uit, s)[Bis)iVl - v2)is)+giVlis))-g{v2{s))] ds
Jo

whence it follows

||wi(0-wa(OII ST\\Vl-v2\\x sup k'it)
OStST

and taking T as fixed before, we obtain

[SVi-SVtU ^ iim\Vi-va\z

which proves that S is a contraction. Q.E.D.

Applications. Let 6 be a bounded domain in the real Euclidean space RN of

dimension N, with a smooth boundary 8G. Let us suppose the Hilbert space H

equal to L\G) of the classes of Lebesgue square-integrable functions with its usual

inner product.
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We will consider a selfadjoint realization in L2{G) of a formal partial differential

operator of second order, with coefficients depending on x = (xx, x2,. ■., xN) e G

and on a positive real parameter t, the time variable. Thus, let Ait) be the formal

differential operator

(40) A{t)=-l^aik(x,t)iyc{x,t)

where %(*, t), c(x, t) are real functions defined on 8G x R, for i, k= 1, 2,.. ., N,

(tik(x, t) = aM(x, t) for \^i,k^N, and there exist two bounded positive con-

tinuous functions C0(t) and Ci(t) such that

(41) dWIII2 ^ 2        Ofi& = C0(t)\$\2
i.k=l

for all  f=(fi, fa,- •   fw) and x = {xx, x2,..., xN) e G where  \$\2 = £2 +& +

■•■+&.

We suppose that oifc(x> 0> L\x, 0 are C™ functions onGxJ? with derivatives up

to the order four bounded by a positive continuous function A(r) onGx/f. Further,

we suppose that aik(x, t), c(x, t) and satisfy the Lipschitz condition with

respect to t uniformly in x and that infx c(x, t)>0 for all t>0.

Let Wm-P(G) be the appropriate Sobolev space. We represent by A2(t) the realiza-

tion of the formal differential operator A(t) given by (40), under Dirichlet null

boundary conditions, i.e., the domain of A2(t) is the set of functions u in W2,2(G)

such that DauSG = 0 for all |a| <2. It follows that D(A2(t)) is independent of / and

dense in L2(G). Further, A2(t) is a mapping from L2(G) into L2(G) which is self-

adjoint and semibounded by a positive continuous function. We have, moreover,

that A2(t) satisfies all the conditions assumed in Theorem 1. We check only the

conditions yx and y2 on the computator, (cf. §3). In fact, D(A2(t)2) is the set of

u e D(A2{t)) such that A2(t)u e D(A2(t)). Thus, by regularity theory (cf. Browder

[2, p. 52, Theorem 4]) it follows that u e IF4-2(G) and yx is fulfilled.

Let C2(t) the commutator of A2(t) and A'2(t), the derivative of A2(t), which has

order three. For all u e D(C2(t)) we have

(42) ||C2(0«||0,2 ^ ß(0 || U|| 3.2

where ß(t)>0 is a continuous function. By Browder [2, p. 42, Lemma 1], we have

(43) Mm* Nft'Mft
for all u e D(A2(t)2). Again by Browder [2, p. 44], it follows that

(44) Mn^um\Moaum+Mao%

Whence from (42) and (43) we have

(45) Hi3,2 ^ £(0{ii^2(o2"iie:Mi"ii^+ii"iio,2}

for all u in D(A(t)2).
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Finally by (42) and (45) we have

||c(Ow||o,2 ^ «aXM2(Oa"ll2.'ill"llo1!l+ll«|o.2}

which is the condition (y2) with y = 3/4 and this implies that A(t)112 is continuously

strongly differentiable.

Since Da, for |a| = wt, are bounded mappings from Wm-"(G) into LP(G), it follows

that dA2(l)ll2jdt is a bounded mapping from D(A2(t)2) into L2{G). Whence it follows

that (dA2(t)ll2ldt)A(t)-112 is a bounded operator from L\G) into L2(G).

References

1. F. E. Browder, On nonlinear wave equations, Math. Z. 80 (1962), 249-264.

2. -, On spectral theory of elliptic differential operators. I, Math. Ann. 142 (1961),

22-130.

3. F. E. Browder and W. A. Strauss, Scattering for nonlinear wave equations, Pacific J. Math.

13 (1963), 23-43.

4. F. E. Browder, Nonlinear equations of evolution, Ann. of Math. (2) 80 (1964), 485-523.

5. E. Heinz, Beiträge zur Störungstheorie der Spektralzerlegung, Math. Ann. 123 (1951),

415-438.

6. T. Kato, Integration of the equation of evolution in a Banach space, J. Math. Soc. Japan 5

(1953), 208-234.
7. -, Notes on some inequalities for nonlinear operators, Math. Ann. 125 (1952),

208-212.

8. J. L. Lions, Equations differentielles operationnelles et problemes aux limites, Springer,

Berlin, 1961.

9. -, Lectures on elliptic partial differential equations, Tata Institute Lecture Notes,

Bombay, 1957.

10. F. Riesz and B. Sz. Nagy, Functional analysis, Ungar, New York, 1955.

11. I. Segal, Nonlinear semigroups, Ann. of Math. (2) 78 (1963), 339-364.

Instituto de Matemätica Pura e Aplicada,

Rio de Janeiro, Brasil

Faculdade de Filosofia da Universidade Federal do Rio de Janeiro,

Rio de Janeiro, Brasil


